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Theorem 1. Let (M, g) and (N, h) be two Riemannian manifolds. We denote by

ix0 : (N, h) → (M ×f2 N,Gf2),
y 7→ (x0, y)

the inclusion map of N at the x0 ∈M level in M ×f2 N . In the following, we characterize the
p-biharmonicity of ix0 in terms of the function f . The p-bitension field of the inclusion ix0 is
given by

τ2,p(ix0) = −n
p

8
f 2(p−2)(x0)

(
grad | grad f 2|2, 0

)
◦ ix0

−(p− 2)np

8
f 2(p−2)(x0)| grad f 2|2x0

(grad f 2, 0) ◦ ix0 .

The analogue of Theorem 1 was established in (see, [1])

Corollary 1. The inclusion map ix0 is p-biharmonic non p-harmonic if and only if x0 is
not a critical point for f 2 and at x0

grad | grad f 2|2 + (p− 2)| grad f 2|2 grad f 2 = 0. (1)

In the case where | grad f 2|2 is a function of f 2, we have the following result.

Corollary 2. Let f ∈ C∞(M) be a smooth positive function such that | grad f 2|2 = e(2−p)f
2

on M . Then, every inclusion ix0 is p-biharmonic non p-harmonic map.

By using the above results, we obtain some new examples of p-biharmonic non p-harmonic
maps for p ≥ 2.

Example 1. Consider the inclusion map ix0 : (N, h) → (R ×f2 N,Gf2). Assume that
a = (f 2)′(x0) > 0 and b = (f 2)′′(x0) ≤ 0. By Corollary 1, ix0 is p-biharmonic non p-harmonic
if and only if p = 2− 2b

a
.

Example 2. Take M to be ( 2
p−2 ,∞)×Rm−1 equipped by the Riemannian metric g = dt2+

dx21+ ...+ dx2m−1. According to Corollary 2, every inclusion map ix0 : (N, h)→ (M ×f2 N,Gf2)
is p-biharmonic non p-harmonic, where the function f 2 is given by

f 2(t, x) =
1

2− p
ln

(
4

(p− 2)2t2

)
, ∀(t, x) ∈M.

Remark 1. Let (M, g) and (N, h) be two Riemannian manifolds. The inclusion map jy0 :
(M, g) → (M ×f2 N,Gf2) defined by jy0(x) = (x, y0) is p-harmonic for all y0 ∈ N , because it
is always a totally geodesic map, thus τ(jy0) = 0, and we have |djy0|2 = m, where m is the
dimension of (M, g).
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